Introduction
Recently, Qiao et al. in Refs. [1] and [2] proposed a new completely integrable equation:
which may have smooth solitons. This equation was shown to have bi-Hamiltionian structure and Lax pair, which imply integrability of this equation, and two kinds of peaked solitons were given in their paper. By adopting the phase analysis method of planar dynamical systems and the theory of the singular traveling wave systems to the traveling wave solutions of the equation, Li et al. [3] gave many solitary wave solutions, periodic wave solutions, Kink/antiKink wave solutions, cusped solitary wave solutions and breaking loop solutions. At the same time, this equation has cuspon and W/M shape soliton solutions. [4−7] In Ref. [8] , the equivalence of the Qiao equation and the modified CBS equation is proved. The Painlevé property, Bäcklund and Darboux transformations for modified CBS have been obtained in Ref. [9] .
It is well known that completely integrable non-linear equations have common features, such as the existence of Lax pair, bi-Hamiltonian structures, recursion operators, and applicability of inverse scattering methods. One of the effective method to test integrability is the prolongation structure technique of Wahlquist and Estabrook (WE), [10] in which they showed that the prolongation structure of non-linear equation was an incomplete Lie algebra, then they took the force closure method to investigate this Lie algebra. Dodd and Fordy [11] made the method more algorithmic and put it in an algebraic, instead of differential geometric framework.
In this paper, we would not adopt the approach of force closure, but introduce the relations with the basis of Lie algebra sl(2,R) to study the Lie algebra construction of Eq. (1) . We obtain the two potentials and two pseudopotentials. Moreover, we can recover the inverse scattering problem given by Qiao [1] from one of the pseudopotentials, and we can get the Lax equations and infinite conservation laws of the new equation from the other one. This paper is arranged as follows: In Sec. 2, the prolongation structure of the Qiao equation is given, which is an incomplete Lie algebra; In Sec. 3, the representations of the incomplete Lie algebra are given, and the potentials, pseudopotentials, and the inverse scattering problems associated with the Qiao equation are obtained; In Sec. 4, the lax equations and the infinite conservation laws of the Qiao equation are deserved; In Sec. 5, a brief summary is given.
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By calculating, we can find that the set of 2-forms is a closed ideal and consequently by Cartans theory [12] is completely equivalent to Eq. (3).
Following the WE procedure, we introduce the 1-form
and demand the exterior derivatives of Ω in the ring of
Then we can get
By calculating, we find F and G are of the following forms:
and the following Lie bracket relations:
The Lie bracket relations (14) are the prolongation structure of Eq. (3). The prolongation structure is open. Therefore, its representation is not unique, and it may be an infinity dimensional algebra. In the next section, we will give some interesting representations of the open structure.
Representation of Incomplete Lie Algebra
It is well known that the standard Lie algebra relations for sl(2,R) are
The one-dimensional representation of relations (15) are given by
and the two-dimensional representation of the relations are given by
Here, we set
then substituting Eq. (18) into Eq. (14) and according to the relations (15), we can get the following four interesting solutions:
In this case, we can get
and on the solution manifold of the prolonged ideal, we will have
Therefore, if the equations satisfied by y are Eqs. (20)-(21), y is a potential and conservation law for Eq. (3).
Therefore, if the equations satisfied by y are Eqs. (23)- (24) is another potential and conservation law for Eq. (3).
. In this case, according to the one-dimensional representation (16) of sl(2,R), we can get a pseudopotential of Eq. (3)
Meanwhile, under the two-dimensional representation (17) of sl(2,R), we can obtain two Pfaffian forms
On the solution manifold of the prolonged ideal we will get the inverse scattering problem associated to the Qiao equation (1) ∂ ∂x
Moreover, if we express Eqs. (28)- (31) in matrix forms, it is just an equivalent form of the Lax pair of Eq. (1) obtained by Qiao, [1] the formulations are omitted for the sake of concision, and we do not discuss this case further.
. In this case, according to the one-dimensional representation (16) of sl(2,R), we can get another pseudopotential of Eq. (3)
On the solution manifold of the prolonged ideal, we will have
The first of these equations is a Riccati equation whose quadratic term coefficient is a constant, from which we can get the Lax equations and infinite number of conserved quantities, and the detail will be given in the next section. Similar to Case 3, we can also obtain another two Pfaffian forms
and on the solution manifold of the prolonged ideal we will get another new inverse scattering problem ∂ ∂x 
